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Théorie analytique des probabilités
(“Analytical Theory. of Probabilities,”
1812)—the politically supple as-
tronomer called for his patron’s de-
thronement in 1814. Under Louis XVIII,
he was elected to the Académie fran-
caise in 1816 and elevated to the
peerage as a marquis the next.year.
During his final years, Laplace lived
mainly at his country home in Arceuil,
next to his friend the chemist C. L.
Berthollet. In his study were portraits
of Racine, his favorite author, and
Newton. The “adopted children of his
thoughts”—Arago, Biot, Gay-Lussac,
Humboldt, and Poisson—surrounded
him. He enjoyed amiable discussions
with these men of science and other
members of the Société d’Arceuil,
which he had helped to form.
Laplace advanced applied mathe-
matics and coniributed substantially
to-the theory of probability. Most nota-
bly, this sciéntist, who. viewed mathe-
matics as a toal and disliked the
drudgery of calculations, skillfully
used ordinary differential equations to

solve problems in celestial mechan-
ics. Influenced by Euler and La-
grange, he also worked on an early
stage of the ‘Laplace transform”
method of solving differential, dif-
ference, and integral equations.
Perhaps inspired by Gauss’ derivation
in 1809 of the least square law from
an analysis of normal distribution, he
derived the central limit theorem of
the least square rule in 1810-11. He
drew together his studies on probabil-
ity dating from the 1780s into the sem-
inal Théorie analytique des probabi-
lités and its companion piece Essais
philosophique sur les probabilités ("A
Philosophical Essay on Probabilities,”
1814). In these he based the theory of
probability on the calculus of generat-
ing functions and extended Jakob
Bernoulli's work on the law of large
numbers. He applied probability to
problems involving life expectancy,
insurance, moral expectation (pru-
dence), error theory, and decision
theory.

91. From Essais philosophique sur les
probabilités (1814)*
(The Theory of Probability)

PIERRE-SIMON LAPLACE

CHAPTER | |
INTRODUCTION

This philosophical essay is the devel-
opment of a lecture on probabilities
which | delivered in 1795.to the normal
schools whither 1 had been called, by a
decree of the national-convention, as
professor of mathematics with Lagrange.
I'have recently published upon the

|
same Sleject/a/’Work entitled The Ana-
Iytical Theory of Probabilities. | present
here wjthout the aid of analysis the
principles and general results of this
theory, applying them to the most im-
portant questions of life, which are in-
deed for the most part only problems of
probability. Strictly speaking it may
even be said that nearly all our knowl-
edge is problematical; and in the small
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number of things which we are able to
know with certainty, even in the
mathematical sciences themselves, the
principal means for ascertaining truth—
induction and analogy—are based on
probabilities; so that the entire system of
human knowledge is connected with
the theory set forth in this essay. Doubt-
fess-it will be seen.here with interest
that in considering, even in the eternal
principles of reason, justice, and hu-
manity, only the favorable chances
which are constantly attached to them,
there is a great advantage in-following
these principles and serious inconven-
ience in departing from them: their
chances, like those favorable to lot-
teries, always end by prevailing in the
midst of the vacillations of hazard. |
hope that the reflections given in this
essay may merit the attention of
philosophers and direct it to a subject so
worthy of engaging their minds.

CHAPTER i
CONCERNING PROBABILITY

All events, even those which on ac-
count of their insignificance do not
seem to follow the great laws of nature,
are a result of it just as necessarily as the
revolutions of the sun. In ignorance of
the ties which unite such events to the
entire system of the universe, they have
been made to depend upon final causes
or upon hazard, according as they
occur and are repeated with regularity,
or appear without regard to order; but
these imaginary causes have gradually
receded with the widening bounds of
knowledge and disappear entirely be-
fore sound philosophy, which sees in
them only the expression of our igno-
rance of the true causes.

Present events are connected with
preceding ones by a tie based upon the
evident principle that a thing cannot
occur without a cause which produces
it. This axiom, known by the name of
the principle’ of sufficient reason, ex-
tends even to actions which are consid-
ered indifferent; the freest will is unable

without a determinative motive to give
them birth; if we assume two positions
with exactly similar circumstances and
find that the will is active in the one and
inactive in the other, we say that its
choice is an effect without a cause. It is
then, says Leibniz, the blind chance of
the Epicureans. The contrary opinion is
an illusion of the mind, which, losing
sight of -the evasive reasons. of the
choice of.the will in different things, be-
lieves that choice is determined of itself
and without motives. -

We ought then to regard the present
state of the universe as the effect of its
anterior state and as the cause of the
one which is to follow. Given for one
instant an intelligence which could
comprehend all the forces by which na-
ture is animated and-the respective situ-
ation of the beings who compose it—an
intelligence sufficiently vast to submit
these data to-analysis—it would em-
brace in.the same formula the move-
ments of the greatest bodies of the uni-
verse and those of the lightest atom; for
it, nothing would be uncertain and the
future, as the past, would be present to
its eyes. The human mind offers, in the
perfection which it has been able to
give to. astronomy, a feeble idea of this
intelligence. Its discoveries in mechan-
ics and geometry, added to that of uni-
versal gravity, have enabled it to com-
prehend in the same analytical expres-
sions the past and future states of the
system of the world. Applying the same
method to some other objects of its
knowledge, it has succeeded in referring
to general laws observed phenomena
and in foreseeing those which given cir:
cumstances ought to produce. All these
efforts in the search for truth tend to
lead it back continually to the vast intel-
ligence which we have just mentioned,
but from which it will always remain in-
finitely removed. This tendency, pecul-
iar to the human race, is that which
renders it superior to animals; and their
progress in this respect distinguishes na-
tions and ages and constitutes their true
glory.
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Let us recall that formerly, and at no
remote epoch, an unusual rain oran ex-
treme drought, a comet having in train a
very long tail,; the -eclipses, the aurora
borealis, and in general all the unusual
phenomena were regarded as so many
signs of celestial wrath. Heaven was in-
voked in orderto avert their baneful in-
fluence. No one prayed to have the
planets  and the sun arrested in their
courses: observation had soon made
apparent the futility of such prayers. But
as these phenomena, occurring and dis-
appearing at long intervals, seemed to
oppose the order of nature, it was sup-
posed that Heaven, irritated by the
crimes of the earth, had created them to
announce its vengeance. Thus the long
tail of the comet of 1456 spread terror
through Europe, already thrown into
consternation by the rapid successes of
the Turks, who had just overthrown the
Lower Empire. This star after four revo-
lutions has excited among us a very dif-
ferent interest. The knowledge of the
laws of the system of the world acquired
in the interval had dissipated the fears
begotten by the ignorance of the true re-
lationship of man to the universe; and
Halley, having recognized the identity
of this comet with those of the years
1531, 1607, and 1682, ‘annourced its
next return for the end of the year 1758
‘or the beginning of the year 1759. The
learned world ‘awaited with impatience
this return which was to confirm one of
the greatest discoveries that have been
made in the sciences, and fulfill the
prediction of Seneca when' he said, in
speaking of the revolutions of those stars
which fall ‘from ‘an enormous height:
“The day will come when, by study
pursued through several ages, the things
now concealed will appear with evi-
dence; and posterity will be astonished
that truths so clear had escaped us.”
Clairaut then undertook to submit to
analysis the perturbations which the
comet had experienced by the action of
the two great planets, Jupiter and
"Saturn; aftér immense calculations he
fixed its next passage at the perihelion

toward the beginning of April 1759,
which was actually verified by observa-
tion. The regularity which astronomy
shows us in the movements.of the com-
ets doubtless exists also in all
phenomena.

The curve described by a simple
molecule of air or vapor is regulated in
a manner just as certain as the planetary
orbits; the only difference between
them is that which comes from our ig-
norance. -

Probability is relative, in part to this
ignorance, in part to our knowledge.
We know that of three or a greater
number of events a single one ought to
occur; but nothing induces us to believe
that one of them will occur rather than
the others. In this state of indecision it is
impossible for us to announce their oc-
currence with ‘certainty. It is, however,
probable that one of these events, cho-
sen at will, will not occur because we
see several cases equally possible which
exclude its occurrence, while only a
single one favors it.

The theory of chance consists in re-
ducing all the events of the same kind to
a certain number of cases equally pos-
sible, that is to say, to such as we may
be equally undecided about in regard to
their existence, and in determining the
number of cases favorable to the event
whose probability. is sought. The ratio of
this number to that of all the cases pos-
sible is the measure of this probability,
which is thus simply a fraction whose
numerator is the number ‘of favorable
cases and whose denominator is the
number of all the cases possible.

The preceding notion of probability
supposes that, in increasing in the same
ratio the number of favorable cases -and
that of all the cases possible, the proba-

bility remains the same. in order to con-

vince ourselves let us take two urns, A
and B, the first containing four white
and two black balls, and the second
containing only two white balls and one
black one. We may imagine the two
black balls of the first umn attached by a
thread which breaks at the moment
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when one of them is seized in order to
be drawn out, and the four white balls
thus forming two similar systems. All the
chances which will favor the seizure of
one of the balls of the black system will
lead to a black ball. If we conceive now
that the threads which unite the balls do
not break at all, it is clear that the
number of possible chances will not
change any more than that of the
chances favorable to the extraction of
the black balls; but two balls will be
drawn from the urn at the same time;
the probability of drawing a black ball
from the urn A will then be the same as
at first. But then we have obviously the
case of urn B with the single difference
that the three balls of this last urn would
be replaced by three systems of two
balls invariably connected.

When all the cases are favorable to
an event the probability changes to cer-
tainty and its expression becomes equal
to unity. Upon this condition, certainty
and probability are comparable, al-
though there may be an essential dif-
ference between the two states of the
mind when a truth is rigorously demon-
strated to it, or when it still perceives a
small source of error.

In things which are only probable the
difference of the data, which each man
has in regard to them, is one of the
principal causes of the diversity of opin-
ions which prevail in regard to the same
objects. Let us suppose, for example,
that we have three urns, A, B, C, one of
which contains only black balls while
the two others contain only white balls;
a ball is to be drawn from the urn C and
the probability is demanded that this
ball will be black. If we do not know
which of the three urns contains black
balls only, so that there is no reason to
believe that it is C rather than B or A,
these three hypotheses will appear
equally possible, and since a black ball
can be drawn only in the first
hypothesis, the probability of drawing it
is equal to one third. If it is known that
the urn A contains white balls only, the
indecision then extends only to the urns

B and C, and the probability that the
ball drawn from the urn C will be black
is one half. Finally this probability
changes to certainty if we are assured
that the urns A and B contain white
balls only. : .

It is thus. that an incident related to a
numerous assembly finds various de-
grees of credence, according to the ex-
tent of knowledge of the auditors. If the
man who reports it is fully convinced of
it-and if, by his position-and character,
he inspires great confidence, his state-
ment, however extraordinary it may be,
will have for the auditors who lack in-
formation the same degree of probabil-
ity as an ordinary statement made by
the same man, and they will have entire
faith in it. But if some one of them
knows that the same incident is rejected
by other equally trustworthy men, he
will be in doubt and the incident will be
discredited by the enlightened auditors,
who will reject it whether it be in regard
to facts well averred or the immutable
laws of nature. '

It is to the influence of the opinion of
those whom the multitude judges best
informed and to whom it has been ac-
customed to give its confidence in re-
gard to the most important matters of
life that the propagation of those errors
is due which in times of ignorance have
covered the face of the earth. Magic and
astrology offer us two great examples.
These errors inculcated in infancy,
adopted without examination, and hav-
ing for a basis only universal credence,
have maintained themselves during a
very long time; but at last the progress
of science has destroyed them in the
minds of enlightened men, whose opin-
ion consequently has caused them to
disappear even among the common
people, through the power of imitation
and habit which had so generally
spread them abroad. This power, the
richest resource of the moral world, es-
tablishes and conserves in a whole na-
tion ideas entirely contrary to these
which it upholds elsewhere with the
same authority. What indulgence ought
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we ot then to have for opinions dif-
ferent from ours, when' this différence
often depends only upon: the various
points of view where circumstances
have placed us! Let us enlighten those
whom we “judgeinsufficiently “in-
structed; but first let us examine crit-
ically our own opinions and weigh with
impartiality their respectwe prob-
abilities.

The difference of oplmons depends
however, upon the marinerin which the
influence of known data‘is determined.
The theory of probabilities holds to con-
siderations so delicaté that it-is not sur-
prising that- with the same data two per-
sons arrive at different results, especially
in very. compllcated guestions. Let us
examine now the general prlnC|pIes of
thIS theory : o EER

B

CHAFTER Il .

THE GENERAL PRINCIPLES OF -
" THE CALCULUS OF
'PROBABILITIES = "

First Prlnc:ple The first of these prm—
C|ples is. the definition itself of probabil-
ity, which, as has been seen, is the ratio
of the number of-favorable cases'to that
of all the cases possible.

Second Principle. But that supposes
the various -cases equally possible:- If
they are not so,” we will determine first
their respective possnb|l|t|es, ‘whose
exact appreciation’ is one' of -the most
delicate points: of the theory of chance.
Then the probability will be the sum'of
the possibilities of each favorable case.
Let us illustrate this prlnc1ple by an
example.

Let us suppose that we. throw into the
air a large and’vety thin coin whose two
large opposite faces, which we will call
heads and tails, are perfectly similar. Let
us find the probablllty of throwing
heads at least one time in two throws. It
is clear ‘that four equally possible cases
may arise, namely, heads at the first and
at the second throw; heads at the first
throw and tails at the second; tails at the
first throw and heads at the ‘second; fi-

nally, tails at both throws. The first three
cases are favorable to the event whose
probability is sought; consequently this
probability is equal to %; so that it is a
bet of three to one that heads will. be
thrown  at |east once in two throws.
We can count at this game only three
different cases, namely, heads at the first
throw, . which dispenses:with throwing a
second time; tails at-the first throw and
heads at the second; finally, tails at the
first and at the second throw.. This
would reduce the probability to % if we
should -corisider .with d’Alembert -these
three cases as equally possible. But it is
apparent that the probability of throw-
ing heads at the first throw is %, while
that of the other two cases is %; the first
case being a simple event which corre-
sponds -to two everits combined: heads
at the first -and at the second throw, and
heads at the first throw, tails at the séc-
ond:-If we then, conforming to the sec-
ond principle, add.the possibility % of
heads at the first throw to the possibility
% of tails at the first throw and heads:at
the.second, we :shall -have-% for the
probablllty sought which' agrees. with
what is- found in the supposition -when
we playithe two throws: This supposi-
tion does not ‘change at all the chance
of -that one who bets oh this event; it
simply serves to’ reduce -the various
cases to the case$ equally possible:-
Third Principle. One of the most im-
portant points of the theory -of prob-
abilities-and that which lends the most
to-illusioris is the manner in which these
probabilities increase or diminish by
their. mutual combination. If the events
are independent of one another, the
probablllty' of their combined existence
is the product of their respective. prob-
abilities. . Thus the probability of throw-
ing-one ace with a single die is Y; that
of throwing two aces in throwing two
dice at thessame time is Yss. Each face of
the one being able to combine with the
six faces of the other, there are in fact
thirty-six equaIIy p055|b|e cases, .among
which one single ‘case gives two aces.
Generally the probablllty that a- S|mple
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event in the same circumstances will
occur consecutively a given number of
times is equal to the probability of this
simple event raised to the power indi-
cated by this number. Having thus the
successive powers of -a fraction less than
unity diminishing, without ceasing, an
event which depends upon a series of
very great probabilities may become ex-
tremely improbable. Suppose then an
incident be transmitted to us by 20 wit-
nesses in such manner that the first has
transmitted-it to the second, the second
to the third, and so on. Suppose again
that the probability of each testimony be
equal to the fraction %vo; that of the in-
cident resulting from the testimonies
will be less than Ys. We cannot better
compare this diminution of the proba-
bility than with the extinction of the
light ‘of objects by the interposition of
several pieces of glass. A relatively
small number of pieces -suffices to take
away the view of an object that a single
piece allows us to perceive in a distinct
manner. The historians do not appear to
have paid .sufficient attention to this
degradation of the probability of events
when seen across a great number of
successive generations; many historical
events reputed as certain would. be at
least doubtful if they were submitted to
this test.

In"the ‘purely mathematlcal sciences
the most distant consequences partici-
pate in the-certainty of the principle
from which they are derived. In the ap-
plications of analysis to physics the re-
sults have all the certainty of facts or
experiences. But in the moral sciences,
where each- inference is deduced from
that which precedes it only in a proba-
ble- manner, however probable these
deductions may be, the chance of error
increases with ‘their number and -ulti-
mately surpasses the chance of truth in
the consequences very remote from the
principle. :

Fourth Principle. When two events
depend upon-each other, the probability
of the compound event is the product of
the probability of the first event and the

probability that, this event_ having oc-
curred, .the second will occur. Thus in
the preceding case of the three urns A,
B, C, of which two contain only white
balls and one contains only black balls,
the probability of drawing a white ball
from the urn C is 24, since of the three
urns only two contain balls of that
color. But when a white ball has been
drawn from the urn C, the indecision
relative to that one of the urns which
contain only black balls extends only.to
the urns A and B; the probability of
drawing a white ball from the urn B is
Ya;. the product of 25 by %, or 1, is then
the probability of .drawing two white
balls at one time from the urns B-and C.

We see by thjs example the influence
of past events upon the probability of fu-
ture events. Fdr the probability of draw-
ing a white ball from the urmn B, which
primarily is %, becomes % when a
white ball has been drawn from the umn
C; it would change to. certainty if a
black ball had been drawn from the
same urn. We will determine this influ-
ence by means of the following princi-
ple, which is a corollary of the preced-
ing one.

Fifth Principle. If we calculate a prlor/
the probability of the occurred event
and the probability of an event com-
posed of that one and a second one
which is expected, the second probabil-
ity divided by the first will be the prob-
ability of the -event expected, drawn
from the observed event. .

Here is presented the question raised
by some philosophers touching the: in-
fluence of the past upon the probability
of the future. Let us suppose at the play
of heads and tails that heads has oc-
curred oftener than tails. By this alone
we shall be led to believe that in the
constitution of the coin there is a'secret
cause which favors it. Thus in the con-
duct of life constant happiness is a proof
of competency which would induce us
to employ preferably happy persons.
But if by the unreliability of cir-
cumstances we are constantly brought
back to a state of absolute indecision, if,
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for example, we can change the coin at
each throw at the play of heads and
tails, the past can shed no light upon the
future and it would be absurd to take
account of it.

Sixth Principle. Each of the causes to
which an observed event may be attrib-
uted is indicated with just as much
likelihood as there i$ probability that the
event will take place, supposing the
event to be constant. The probability of
the existence of any one of these causes
is then a fraction whose numerator is
the probability ofthe event resulting
from this cause and whose denominator
is the sum of the similar probabilities
relative to all the causes; if these various
causes, considered a priori, are un-
equally. probable, it is necessary, in
place of the probability of the event re-
sulting from each cause, to employ the
product of this probability by the possi-
bility of the cause itself. This is the fun-
damental principle of this branch of the
analysis of chances which consists in
passing from events to causes.

This principle gives the reason why
we attribute. regular events to a'particu-
lar cause. Some philosophers have
thought that-these events are less possi-
ble than others and that at the play of
heads and tails, for example,-the.com-
bination. in which heads occurs twenty
successive times is less easy in its nature
than those where heads and tails are
mixed in an irregular manner. But this
opinion supposes that past events have
an influence on the possibility of future
events, which is not at all admissible.
The regular combinations pccur more
rarely only because they are less
numerous. If we seek a cause wherever
we perceive symmetry, it is not that we
regard a symmetrical event as less pos-
sible than the others, but, since this
event ought to be the effect of a regular
cause or that of chance, the first of these
suppositions is more probable than the
second. On a table we see letters ar-
ranged in this order, C-o-n—s—t-a—-
t—i-n-o-p—I-e, and we judge that this
arrangement is not the result of chance,

not because it is less possible than the
others, for if this word were not
employed in any language we should
not suspect it came from any particular
cause, but this word being in use among
us, it is incomparably more probable
that some person has thus arranged the
aforesaid letters than that this arrange-
ment is due to chance.

This is the place to define the word
extraordinary. We arrange in our
thought all possible events in various
classes; and we regard as extraordinary
those classes which include a very small
number. Thus at the play of heads.and
tails the occurrence of heads a hundred
successive times appears to us extraor-
dinary because of the almost infinite
number of combinations which may
occur in a hundred throws; and if we
divide the.combinations into regular

series containing an.order easy to com-,

prehend, and into irregular series, the
latter are incomparably more numerous.
The drawing of a white ball from an umn
which among a million balls contains
only one of this color, the others being
black, would appear to us likewise ex-
traordinary, because we form only two
classes of events relative to the two col-
ors. But the drawing of the number
475,813, for example, from an urn that
contains a.million numbers seems to us
an ordinary event; because, comparing
individually the numbers with one
another without dividing them into
classes, we have no reason to believe
that one of them will appear sooner
than the others.

From what precedes, we ought gen-
erally to conclude that the more ex-
traordinary the event, the greater the
need of its being supported by strong
proofs. For, those who attest it being
able to deceive or to have been de-
ceived, these two causes are as much
more probable as the reality of the event
is less. We shall see this particularly
when we come to speak of the probabil-
ity of testimony. .

Seventh Principle. The probability of
a future event is the sum of the products

SRS
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of the probability of each cause, drawn
from the event observed, by the proba-

bility that, this cause existing, the future

event will occur. The following example
will illustrate this principle. '

Let us imagine an-urn which contains
only two balls, each of which may be
either white or black. One of these balls
is drawn and is put back into the urn
before proceeding to a new draw. Sup-
pose that in the first two draws white
balls -have been drawn; the probability
of again drawing a white ball at the
third draw is required. :

Only two hypotheses can be made
here; either one of the balls is white and
the other black, or both are white. In the
first hypothesis the probability of the
event observed is 1/4; it is unity or cer-
tainty in the second. Thus in regarding
these hypotheses as'so many causes, we
shall have forithe sixth principle /s and
4/5 for their respective probabilities. But
if the first hypothesis occurs, the proba-
bility of drawing a white ball at the third
draw is '/2; it is‘equal to certainty in the
second hypothesis; multiplying then the
Jast probabilities by those of the corre-
sponding hypotheses, the sum of the
products, or %0, will be the probability
of drawing a white ball at the third
draw.

“When the probability of a single

event is unknown we may suppose it

equal to'any value from zero to unity.
The probability of each of these hypoth-
eses, drawn from the event observed, is,
by the sixth principle, a fraction. whose
numerator is the probability of the event
in -this hypothesis "and- whose de-
nominator is the sum of ‘the similar
probabilities relative to all the hypoth-

eses. Thus the probability that the pos-
sibility of the event is comprised within
given limits is the sum of the fractions
comprised within these limits, Now if
we multiply each fraction by the proba-
bility of the future event, determined in
the corresponding hypothesis, the sum
of the products relative to all the
hypotheses will be, by the seventh prin-
ciple, the probability of the future évent
drawn from the event observed. Thus
we find that an event having occurred
successively any number of times, the
probability that it will happen again the
next time is equal to this number in-
creased by unity divided by the same
number, increased by two units. Placing
the most ancient epoch of history at
5,000 years ago, or at 1,826,213 ‘days,
and the sun having risen constantly ‘in
the interval at each revolution of 24
hours, it is a bet of 1,826,214 to one
that it will rise again tomorrow. But this
number is incomparably greater for him
who, recognizing in the totality of
phenomena the principal régulator of
days and seasons, sees that nothing at
the present moment can arrest the
course of it. o :
Buffon in his Political Arithmetic-cal-
culates differently the preceding proba-
bility. He supposes that it differs from
unity only by a fraction whose
numerator is unity -and whose de-
nominator is the number 2 raised to ‘a
power equal to the number of days
which have elapsed since the ‘epoch.
But the true manner of relating past
events with-the probability of causes
and of future events was unknown t
this illustrious writer. ‘ :



