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79. From Ars Conjectandi (1713)*

(The Law of Large Numbers)'

JAKOB BERNOULLI

assert that any ball is equally likely to
be drawn: for it is knoyvn how mané/
balls of each kind are in the jar, En”
there is no reason why th|s_or that ba

should be drawn more readily than any
other. But what mortal,ﬁ | ask, could as-
certain the number of diseases, counting
all possible cases, that afflict the_humag
body in every one of its many par:ts an

at every age, and say how muc lmk?re
likely one disease is to be fataf than
another—plague than dropsy, for in-
stance, or dropsy thaq t(.ever—and‘ ?]n
the basis make a pred_lctlon aboutht_e
relationship between life and death in

l We have now reached the point
where it seems that, to make a correg:
conjecture about any event whatever,tll
is necessary only to calculazte exaﬁ y
the number of possible cases,® gnd then
to determine how much more likely ;]t is
that one case will occur than anot (ler‘
it But here at once our main dlffxclu ty
i arises, for this procedure is appllcab e tlo
‘ L only a very few phenomena, mdeedtad
e most exclusively to those co.n.neT.e
i with games of chance. The .orlgmahm—
v ventors of these games designed t en*;
so that all the players quuld have qua
prospects of winning, flxmg thg numI er
of cases that would result in gain or OZIS
and letting them be known beforehan !
and also arranging matters so that eacl
case would be equally_ likely. But thlshls
by no means the situation as regards the
great majority of the other phenomena
that are governed by the laws of n?jt_ure
or the will of man. In the game of 'ItC)FI
for instance, the number of possible
cases [or throws] is known, since t.her(ni
are as many throws for each individua
die as it has faces; moreover all these
cases are equally likely when each faﬁe
of the die has the same form and t_be
weight of the die is uniformly dIS;[:rI -
uted. (There is no reason why one face
should come up more read'|ly than any
other, as would happen if the facEs
were of different shapes or part of the
die were made of heavier material tha_n
the rest.) Similarly, the number of po;sv
ble cases is known in drawing a white
or a black ball from an urn, and one can

enumerate the countless changes that
the atmosphere undergoes every dag/,
and from that predict today what the
weather will be a month or even a yga(;
from now? Or again, who can .preter}:
to have penetrated so Qeeply into. the
nature of the human mind or the won-
derful structure of the body that in

completely obscure, and which co

less complexity of their inAterreI.at,tllzn
ships, so that it would be qu{te'pow;d
to attempt to proceed along this roz tI'1

There is, however, another way i
will lead us to what we are quklng‘d
and enable us at least to ascertaina p
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future generations? Or.who could

games which depend wholly or pa.rtlyi
on the mental acuteness or the physmsE
agility of the players 'he would velntu:ér
to predict when this or that p.ayIar
would win or lose? These and Slml,lle
forecasts depend on factors that a

stantly deceive our senses by the end-

teriori what we cannot determine a
priori, that is, to ascertain it from the re-
sults observed in numerous similar in-
stances. It must be assumed in this con-
nection that, under similar conditions,
the occurrence (or nonoccurrence) of an
event in the future will follow the same
pattern as was observed for like events
in the past. For example, if we have ob-
served that out of 300 persons of the
same age and with the same constitu-
tion as a certain Titius, 200 died within
ten years while the rest survived, we
can with reasonable certainty conclude
that there are twice as many chances
that Titius also will have to pay his debt
to nature within the ensuing decade as
there are chances that he will live be-
yond that time. Similarly, if anyone has
observed the weather over a period of
years and has noted how often it was
fair and how often rainy, or has re-
peatedly watched two players and seen
how often-one or the other was the
winner, then on the basis of those ob-
- servations alone he can determine in
what ratio the same result will or will

ot occur in the future, assuming the
ame conditions as in the past.

" This empirical process of determining

he number of cases by observation is

éither new nor unusual; in chapter 12

nd following of  ‘art de penser? the au-

hor, a clever and talented man, de-

cribes a procedure that is similar, and

). our daily lives we can all see the

ime principle at work. It is also obvi-

BOUS to everyone that it is not sufficient

20 take any single observation as a basis

prediction about some [future]

scovered—quite remarkably—that the
er the number of pertinent observa-
S available, the smaller the risk of
)8 into error, But though we all rec-
ze this to be the case from the very
of the matter, the scientific proof
IS principle is not at all simple, and
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it is therefore incumbent on me to pre-
sent it here. To be sure | would feel that
I were doing too little if | were to limit
myself to proving this one point with
which everyone is familiar. Instead
there is something more that must be
taken into consideration—something
that has perhaps not yet occurred to
anyone. What is still to pe investigated
is whether by increasing the number of
observations we thereby also keep in-
creasing the probability that the re-
corded proportion of favorable to un-
favorable instances wijl approach the
true ratio, so that this probability will fi-
nally exceed any desired degree of cer-
tainty, or whether the problem has, as it
were, an asymptote. This would imply
that there exists a particular degree of
certainty that the true ratio has been
found which can never be exceeded by
an increase in the number of observa-
tions: thus, for example, we could never
be more than one-half, two-thirds, or
three-fourths certain that we had deter-
mined the true ratio of the cases. The
following illustration will make clear
what | mean: We have a jar containing
3,000 small white pebbles and 2,000
black ones, and we wish to determine
empirically the ratic of white pebbles to
the black—something we do not
know—by drawing one pebble after
another out of the jar, and recording
how often a white pebble s drawn and
often a black. (I remind you that an im-
portant requirement of this process is
that you put back each pebble, after
noting its color, before drawing the next
one, so that the number of pebbles in
the urn remains constant.) Now we ask,
is it possible by indefinitely extending
the trials to make it 10, 100, 1,000, etc.,
times more probable (and ultimately
“morally certain”) that the ratic of the
number of drawings of a white pebble
to the number of drawings of a black
pebble will take on the same value (3:2)
as the actual ratio of white to black
pebbles in the urn, than that the ratio of
the drawings will take on a different
value? If the answer is no, then | admit
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that we are likely to fail in the attempt
to ascertain the number of instances of
each case [i.e., the number of white and
of black pebbles] by observation. But if
it is true that we can finally attain moral
certainty by this method* ... then we
can determine the number of instances
a posteriori with almost as great accu-
racy as if they were known to us a
priori. Axiom 9 [presented in an earlier
chapter] shows that in our everyday
lives, where moral certainty is regarded
as absolute certainty, this consideration
enables us to make a prediction about
any event involving chance that will be
no less scientific than the predictions
made in games of chance. If, instead of
the jar, for instance, we take the atmos-
phere or the human body, which con-
ceal within themselves a multitude of
the most varied processes or diseases,
just as the jar conceals the pebbles, then
for these also we shall be able to deter-
mine by observation how much more
frequently one event will occur than
another.

Lest this matter be imperfectly un-
derstood, it should be noted that the
ratio reflecting the actual relationship
between the numbers of the cases—the
ratio we are seeking to determine
through observation-—can never be ob-
tained with absolute accuracy; for if this
were possible, the ruling principle
would be opposite to what | have as-
serted: that is, the more observations
were made, the smaller the probability
that we had found the correct ratio. The
ratio we arrive at is only approximate: it
must be defined by two limits, but these
limits can be made to approach each
other as closely as we wish. In the
example of the jar and the pebbles, if
we take two ratios, 301/200 and 299/
200, 3001/2000 and 2999/2000, or any
two similar ratios of which one is

slightly less than 1%2 and the other
slightly more, it is evident that we can
attain any desired degree of probability
that the ratio found by our many re-
peated observations will lie between
these limits of the ratio 1%, rather than
outside them.

It is this problem that | decided to
publish here, after having meditated on
it for twenty years. . . .

_If all events from now through
eternity were continually observed
(whereby probability would ultimately
become certainty), it would be found
that everything in the world occurs for
definite reasons and in definite conform-
ity with law, and that hence we are
constrained, even for things that may
seem quite accidental, to assume a cer-
tain necessity and, as it were, fateful-
ness. For all | know that is what Plato
had in mind when, in the doctrine of
the universal cycle, he maintained that
after the passage of countless centuries
everything would return to its original
state.

NOTES

1. Translated from Klassische Stiicke der
Mathematik, selected by A. Speiser (Ziirich,
1925), pp. 90-95. The selection is from the
German translation of the Ars Conjectandi by
R. Haussner in Ostwald’s Klassiker der exak-
ten Wissenschaften, Leipzig, 1899, nr. 108.

2. For “‘case,’” the correct translation of
the German, one may read result or out
come.

3. La logique, ou L'art de penser, by An-
toine Arnauld and Pierre Nicole, 1662.
(Makes use of Pascal, Fragment no. 14.)

There are in fact two authors but Bernoulli:

makes it appear there is only one.

4. Bernoulli demonstrates that this is rué.

in his next chapter.

. Jo_hann Bernoulli was the tenth child
in his family. His father, Nikolaus, at-
tempted to draw him into the fa}nily
busmess. After an unsuccessful ap-
prenticeship as a salesman, however
he received permission from his fatheé
to enrotl at the University of Basel in
- 1683. He resided with his brother
Jakob. At age 18, Johann received the
master of arts degree. At his father's
urging, he took up the study of
medl(_:me but privately studied math-

1691, where he participated i

mathematical circlpe of Nﬁcolgs'lr\]/Iatlrﬁ
anche (then the foremost Cartesian)
the|r discussions Bernoulli dis-.
minated Leibniz's calculus. He also
ve calculus lessons to Guillaume-

!culus, L'Hospital's Analyse des in-
ment petits (“Analysis of the Infi-
ely Small,” 1696). This text con-
ldined th'e method for evaluating the
pdeterminate form 0/0, which is incor-
Ctly known today as L'Hospital's
tn 1693, Bernoulli began an ex-
Ve correspondence with Leibniz.
rough the intervention of Christ-
Huygens, Johann Bernoulli was
gd the professorial chair in math-
ICs at Groningen (Holland) in
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S Chapter VI
The Scientific Revolution at Its Zenith (1620-1720)

Section D
The Bernoullis

JOHANN BERNOULLI (1667-1748)

1695. He accepted because hi -
rels with his brother were growliigq:arzzj
because he could not hope to obtain
the mathematics professorship at
Basel as long as Jakob lived. In Sep-
tember 1695 he, his wife Dorothea
Falkner, and their seven-month-old
son Nikolaus left for Holland. Two
sons were born later—Daniel, the
most famous of the Bernoullis ’ and
Johann Il. While at Gréningen h,e did
not curb his “Flemish pugnacity.” The
theologians with whom he argued
abt%utsna_tural philosophy charged him
i pinozism, a - -
word for atheism. jate-17in century
Upon the death of Jakob in 1705
Jphann succeeded him at the Univer-’
sity of Basel. Johann would have pre-
ferrgd to accept other offers extended
to him by the Universities of Leiden
and Utrecht, but family concerns drew
him to his native city where he spent
th_e rest of his life. He was the most
dllstlnguished member of the univer-
sity faculty. In the early 1720s, he
taught his greatest student, Leor‘lard
Euler. Euler was to be one of his two
he_rqes; the other was Leibniz. His ac-
thltlgs were not limited to university
affairs, as a member of the Basel
school board, he worked to reform its
humanistic Gymnasium.
Influential far beyond Switzerland
Johann took part in two major oontii




