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18.B3 Cauchy on two important theorems of the calculus

(a) The fundamental theorem of the calculus oﬂfe ror More thay once. g & e h,
e secuti
If in the definite integral jfo f(x) dx we let one of the two limits of integration, for vaIUesf(;Cf1 b JX) be tWo such terms, Whl;?eve ferms that are of opposite gj l:ly finding
instance X, vary, the integral itself will vary with that quantity. And if the limit X, now Um(X — ;C CCIearly We will haye . )2 is the s131a11er of the two corrges. ond
variable, is replaced by x, we obtain as a result a new function of x, which will be what is ] and X' in ¢ 1(1)e. VE N ;l;lshtyduses the sign < fo, lgss t;l‘;nf) X' < lX and —x _ph;lmmg
called an integral taken from the origin x = x,. Let 3 St describ : ¥ equal to, . =
2 g Lo qf X two other values x, x» ;ﬂ Stmilarly we cap, place betwe gnl‘tlzvmg determined

(1) Fx)=| flx)dx 1 sign, and which sag. ’f » Which, whep substituted in €se two new values

Xo . Im(x' — X,) = Uy Sty the conditions <x <J:‘£x), 81ve results of opposite
be that new function. We derive from [the formula §5 flx)dx = values of x, that i ¥o) Continuing thus, we ol;tain ﬁr:t and X —y
(X — xo)f [xo + O(X — xo)] that] (1 ’ » & series of Increasing
) F(x) = (x — xo)f [xo + 0(x — x0)], F(x,) = 0, second, a serieg of decrea RIS

sin
0 being a [nonnegative] number less than one. Also, from [the formula jfo Sx)dx = ) - § values
5, S0 dx + [ f(x) dx, where xo < & < X], whose X, X', xv
0 Se terms, since th o
x o X X +a ’ €Y exceed th . .
f fx)dx — f J&x)dx = J Jx)dx = af(x + On), 10 the products oscofthe first series by quantitjes equal
Xo xq x » Tespective]
. (X y’

Or = Xo), (I/m)(x — Xo), (I/m*(X — 5 )
o).,

(3) F(x +a) — F(x) = af(x + Ou).
It follows from equations (2) and (3) that if the function f(x) is finite and continuousin

the neighbourhood of some particular value of the variable x, the new function #(x)
will not only be finite but also continuous in the neighbourhood of that value, since

inﬁnit.ely small increment of x will. cgrrespond tg an ipﬁnitely small increment in Z{; both conver
Tl'lus if the function f(x).remams finite and .c'ontm.uous from x = x,to x = X, the sa Sign when ¢ f: toward the common Jimjt fla); and
will hold for the function Z(x). In addition, if both members of formula (3 inite, cannog (31’ .;ppﬁoach this limit it is clee’lr th Sln(}:le they always remain of op
divided by a, we may conclude by passing to the limits that ’ tler from zero, They, f at the quantity fla) posite

. Q) clore, the equatjon » Which muyst pe

F() = f0). . 9= o
. Wi . . =
Thus the integral (1) considered as a function of x has as its derivative the function £} an ; Sﬁltmtiﬁd if we gjve the variaple X the
other words, y a wi barticular vaj .
=a will be 3 ¢, 1€ a, which lies betyee
n x

under the integral sign .

(b) The intermediate value theorem

Let f(x) be a real function of the variable x, continuous with respect to that

fx)=0

can be satisfied by one or more real values of x between x, and X.

Proof Let x, be the smaller of the two quantities x,, X. We will set X —
we designate by m any integer greater than one. Because one of the tw
f(xo), f(X) is positive, the other negative, it follows that if we form the

JCxo), flxo + h/m), f(xo + 2h/m), ..., f(X — hjm), fX),




