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93. From A Memoir on Algebraic E.quations,‘
Proving the Impossibility of a _Solut|orj of TE
General Equation of the Fifth Degree (1824)

t
(Equations of higher degree than four cannot be solf\f/'e(izle:g/s)roo
qext‘raotions, except for special values of the coeffic

NIELS ABEL

1 .
m d as a rational
ici R™ cannot be expresse
maticians have been very : @ 2 rationa
J?ﬁa@j(ﬁ?kfed with finding the general function of a, b, etc., p, p,, p, ‘
m

. ~ R it i
solution of algebraic equations, and substituting —— for R, it is obvious that

i e the o
| of them have tried to prov o
?rervae(;?sibility of it. However, if  am not e can make P, 1
mistaken, they have not as yet suc- Then 1 5 -
ceeded. | therefore dare hope that the Y mp R PR bt A

S i i this
maticians will receive o . in the pro-
mzr:?far with good will, for its purpose gy psituting this value tﬁgiﬁ ’”:)rf redc
s 10 fill this gap in the theory of alge- posed EauION, e ob ain. on red
. : i result In
braic equations. ing, a ] N A
Let P =g +qR" +qR" + ...

m=1

+ qmﬂR "o=0

ys —ay* + by’ —cyt +dy ~e =10

be the general equation of fifth degree

’ ing i | rational-

d suppose that it can be solved ¢ ¢, g, etc. be”z!g emteg[;a etc. and.

aInebraically —i.e., that y can be ex- functions of a, b, ¢, d, e, p, p,, :
alg —i.e.,

pressed as a function of the quantitiesa, g

. : isfied, it is
b, ¢, d, and e, composed of radicals. In For this equation to be satisfied,
, ¢, d, /

h 'tten = 0 = O q
‘{ 'S ( r t Ca (S e { that q - 7 Q1 !

t i lea tha y WrI necessary 2
h|5 case, i1

an
m
7

I

in the form 0, ...qm = 0.In fact, letting z

; o gm  we have the two e‘quations.
= m+pRm+.”+pm‘1 ’
rep e 2 zm-R=0,andqg +q,z +"...
i i ber, and R, p, p,, ) o -
m being a prime number, -
2 etcs being functions of the.same * Qs
lfOZFm as y. We can continue in this way
until we reach rational functions of a, b,
¢, d, and e. We may also assume that

If now the quantities g, q,, etc. alr_(renn
equal to zero, these equations

jons i i I'on démontre
. Lo O les équations alge_brlque§ ol e
. translation of Mémoire sur | ons alg oW . Langdon
o:ii(;;;lrlig ‘d?;: rersolution de I'équation générale dél C"tr|71q(Lg§l;]E:q dseglrﬁ(eygook ke
N i i David Eugene Smi ) . ot
s taken from Davi | _ e :
?10;259?),2601%;2[6” ﬁf rleprinted by permission of McGraw-Hill Book Comp

renumbered.

THE NINETEENTH CENTURY

necessarily have one or more common
roots. If k is the number of these roots,
we know that we can find an equation
of degree k, whose roots are the k roots
mentioned, and whose coefficients are
rational functions of R, q, q,, and Gmer -
Let this equation be

r+r,z+r222+...+rkzk=0.

It has all its roots in common with the
equation zm — R = 0; now all the roots
of this equation are of the form .7, @,
being one of the roots of the equation

"~ 1=0.0n substituting, we obtain
the following equations

r+r,z+rzz’+...+rkzk=

1)

r+anz+otrz 4 4 akrzk
r+og_rz+ ap rzt
+ ozkk_zrkzk = 0.
From these k equations we can always
find the value of Z, expressed as a ra-
tional function of the quantities r, r,,
r; and as these quantities are them-
selves rationa) functions of a, boc de,
R b py ..., it follows that z is also a
rational function of these latter quan-

tities; but that js contrary to the hypoth-
eses. Thus it js necessary that

4=0,9,=0,...q,_, =o0.

If now these equations are satisfied, it

s clear that the proposed equation js

atisfied by all those values which y as-
1

umes when R™ s assigned the valyes
1 1 1 1
Rm] aRm, azRﬁ c, alﬂ-—lRm

e R

rent; for otherwise we should have
€quation of the same form as the
Jlation P = 0, and we have just seen

tthe roots of the proposed equation,  of the form g7
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we have

1 2 m=1
y1=p+R’"+p2Rm+...+pm_,R m
i

’

2
Y2= P+ aR” + qpR™ 4

m—1i

1 2
Ym=p + a™RM 4 a™ i Ry
m-1

+ap, R,

Whence it is easily seen that

1
p= ;(y,+y2+.,.+ym)

’

1
E(YI + am_lyl o+ aym)/

1
pm—lkm = E(y1 + ay, + ...+ am—,ym)'

. 1
Thusp, p,, . .. Pm_, R, and R™ are ra-
tional functions of the roots of the pro-
posed equation. ’
Let us now consider any one of these
Quantities, say R. Let

2 n-1

1
R=S+v”+52v”+...+5n_1v”.

Treating this quantity as we have just

treated y, we obtain the similar result

that the quantities R A )
1

and v7 are rational functions of the dif-

ferent values of R: and since these are

rational functions of Yi, Y, etc., the
1

functions v7, v, s, S, etc. have the same
property. Reasoning in thjs way, we

conclude that all the irrational functions
also note that all the values of y are contained in the expression for y, are ra-
tional functions of the roots of the pro-
posed equation,

This being established, it is not dif-

ot It. Th b ficult to complete the demonstration.
ory resu't. € number m cannot Let us first consider irrational functions
d 5. Letting y,, Yar Yar Yo and y,

. R being a rational func-
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1
tion of a, b, ¢, d, and e. Let R™ =r.
Then r is a rational function of y,, y,,
Vs Y. and y,, and R is a symmeiric
function of these quantities. Now as we
are interested in the solution of the gen-
eral equation of the fifth degree, it is
clear that we can considery,, y,, v, Va
and y, as independent variables; thus
1

the equation R™ = r must be satisfied

under this supposition. Consequently

we can interchange the quantities y,,
1

Vo Va Ya and y in the equation RT =
r; and, remarking that R is a symmetric
1

function, R™ takes on m different values
by this interchange. Thus the function r
must have the property of assuming m
values, when the five variables which it
contains are permuted in all possible
ways. Thus either m = 5, orm = 2,
since m is a prime number, (see the
memoir by M. Cauchy in the Journal de
I’école polytechnique, vol. 17)." Sup-
pose that m = 5. Then the function r
has five different values, and hence can
be put in the form

RF =1 =p +py, +py’
+ oy oyt

P, Py, Py - - - being symmetric functions
of y,, v, etc. This equation gives, on
interchanging y, and vy,,

p A Dyt Pyt Pyt oyt =
ap + ap,y, + apyy,’ + apyy,’ + apy
where

at+att+tat+a+1=0.

But this equation (is impossible);? hence
m must equal two. Then

R'/r =,

and so r must have two different values,

of opposite sign. We then have? (see
the memoir of M. Cauchy),

R'/1 =r = V(Y, - Yz)(% - YJ)‘} - (Y2 - )/3)
...()/4_Ys)=vs E

v being a symmetric function.

Let us now consider -irrational func-
tions of the form
1 1 1
P+ p,RY+ pRE+ )7,

p, P, P, etc., R, E,, etc., being rational
functions of a, b, ¢, d, and e, and con-
sequently symmetric functions of y,, y,,
Yy Yo and y;. We have seen that it is
necessary thatv = w = ... =2, R =
vaS, R, = v,2S, etc. The preceding func-
tion can thus be written in the form
1 1
(p+p,S2)™,
Let
11
(p+p,SH"
11
(p? — plsz) m

ﬁ
I

r

Multiplying, we have
= (p* = pS)™

If now rr, is not a symmetric function, m
must equal two; but then r would have
four different values, which is impossi-
ble; hence rr, must be a symmetric

function. Let v be this function, then
10 1_1
r+r=pP+p,SH" +vp+pSHT"=1z

This function having m different values,
m must equal five, since m is a prime
number. We thus have

z=qg+q,y+qy +aq,y}tayt
— (p + p‘s‘/z)‘/s + v(p + p15'/2)—'/5,

49, 4, q,, etc. being symmetric functions

of y,, ., v5 etc., and consequently ra-

tional functions of a, b, ¢, d, and
Combining this equation with the pr
posed equation, we can find y e
pressed as a rational function of z, a,
¢, d, and e. Now such a function ¢
always be reduced to the form

4

y =P +R” + P,R" + P,R” + PR

where P, R, P,, P,, and P, are funct
of the form p + p,S"”, where p, p;.
S are rational functions of a, b, ¢,
e. From this value of y we obtain

s _
R” = ‘/5()’1 + a4y2 + a3y3 + a2y4 + ays)

b + p,S"y*,

It

where
a4+a3+a2+a+]=o

Now the first member has 120 different
values, while the second member has
only 10; hence Y can not have the form
that we have found: but we have
proveq that y must necessarily have this
form, if the proposed equation can be
so;;/e.d: .hence we -conclude that
Is 1mpossible to solve the general
f;;(;]iiglo;) of the fifth degree in terms of
It follows immediate] fro i
theorem, that it is also- irﬁposs?gl;htg
solve the general equations of degrees

gﬁger than the fifth, in terms of radi-

- NOTES

AL
]. [ Memplre sur le nombre des valeurs
-qu’une fonction peut acquérir,” etc
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Let p be the i i

greatest prime dividing n
S:r(;acgl)ésth(te:kprovles (pi]9) that a function gofn.
+ 1aKing less than p values, eijther

. 4 r
'symmetnc or takes only two values. n th,;
fg:tneqr /:aie ége fL;jnction can be written in the

where A and B are symmetri
. . ic
and A is the special two-valued funyction ’

A=y, - Y)Y =y V., ~ Yl

2. [In a later pa (i
per ournal fiir die rej
Xrt))d' angewandte Mathematik Vol 1, 1812%6;
theze)reglvesba mé)re detailed proof of the main
m, based on the same princ;
) . principles. At
Fhe corresponding point he gives thepfollow-
Ing more elaborate proof, By considering y:
?es' aiaﬁcomdm?n root of the given equation, the
on defini ’
oiation ing R, y1 can be expressed in
Y, =5, + slk‘/s + sIRz/S + s,Rsl5 +s Rv5
Substituting R'/* 4
roots of the equati
sponding system
gives
s|R‘/S

for R we obtain the other
on, a_md solving the corre-
of five linear equations

=y, +oaty, + @Y, + @y, +oay ).
This identity is im i ‘ ‘

' possible, however, si
the right-hand side has 120 values a’nd”:l:e
left-hand side has only 5] ' )

3. [Compare 2]




