Lab 14: Arc Length

Goals

e To develop the idea of approximating arc length by the sum of the lengths of
straight line approximations to the curve.

o To compute arc length using an integral.

Before the Lab

The idea of the arc length of a curve is very easy to understand. You have had
experience calculating the length of straight lines and circles. Intuitively, the length
of the curve on the left in Figure 1 should be the length of the straight line we get
on the right if we take the ends of the curve and pull it taut. Although this idea is
easy to understand, it is not much good as a practical method of computation.

Figure 1

1. We start by reviewing the method for calculating the length of a straight line
segment.

a. Find the length of the straight line segment from (1,2) to (5,4), shown in
Figure 2. The lengths of the two sides of the right triangle are 4 —2 = 2 and
5 —1=4. You can use the Pythagorean Theorem to determine the length
of the hypotenuse. -

b. Now generalize this example to find a formula for the length of the segment
of the straight line y = mz + ¢ from = = a to = = b. This is the line segment
connecting the points (a, ) and (b, ). Show the necessary work
to get the length equal to (b — a)v'1 +m2. Check your answer to part a

using this formula.

c. Write an expression for the length of the curve in Figure 3 made up of four
straight line segments with slopes m;, my, ms and my.
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f a curve defined by y = f(=) for

We are now ready to try to find the length o Consider, for

< z < b, where the curve is not necessarily a s'trai.ght line.
example, th y =sing for 0 <z <, shown in Figure 4.
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Figure 4

c. To get a more accurate answer, we will subdivide [0, 7] more finely yet.
Copy the graph of y = sinz from Figure 4 into your notebook and sketch
the straight line approximation to the curve using four subintervals of equal
size. On another copy of this curve, sketch the straight line approximation
to the curve using eight subintervals of equal size. In the lab, you will use
the computer to calculate the lengths of these approximations.

In the Lab

3. Use the computer commands provided by your instructor for calculating straight

line approximations to the arc length. For each of the following four functions,
determine the length of the straight line approximations to arc length using 2,
4, 8, 25, 50, and (if your computer is fast enough) 100 subintervals of equal size.
Make your best guess as to the length of the curve, accurate to at least two
decimal places. Record your data in a suitably labeled table.

a. f(z)=sinzfor0<z<n

b. f(z) =v9—2Zfor0<z<3

3
1
c. f(a:):%+§;for1§:c§3

d flz)=e"for0<z <1
e. You can find the exact answer for the arc length of one of these curves

without using calculus or the computer. Which curve is it, and what is the
exact answer? (Hint: One is the equation of a well-known geometric object.)
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It is possible to write an integral for the length of a curve y = f(z)fora <z < b.
This is done carefully in your textbook using the Mean Value Theorem. The
derivation relies on the geometric ideas we have been using in this lab. We have

seen in Problems 1 and 2 that the arc length is approximated by

;,/Hmi (b;a> =k; 1+(%}’“—)2 Az

— : A
where Az = ¢ and the slope of the kth straight line segment is Ay:f' As
Az — 0, we know that %yﬁ — f'(z). Therefore the arc length equals
T
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For example, / /1 + cos? z de gives the length of the curve f(z) = sinz for

0
0 < z < n. Convince yourself that this is the correct integral.

Although we now have an integral formula for arc length, in practice it is
difficult (or impossible) to apply the Fundamental Theorem of Calculus to most
of the resulting integrals. This leaves us needing a numerical integration technique

ki3
to approximate the value. For example, we cannot integrate / 1+ cos? z dz
0

exactly, but we can use a computer to find that the arc length of y = sinz for

0<z<7is approximately 3.8202.
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a. Write the appropriate integrals for the arc lengths for the curves given i
n

Problems 3b, 3¢, and 3d.
b. The integral for Problem 3¢ can be computed by hand. Do it

Use your computer to a i
' pproximate the value of th 1
the functions given in Problems 3b and 3d. o e fength integrels for

d. Compare your answers to those you obtained in Problem 3

Further Exploration

5.

An i
A :tp;;(c:):;: r:lc;t}flinjmgT;cII}e arc length that people sometimes think of is
od. is method is to partition [a,d] i '
¢ : a,b] into n pieces and
S;e)gr;?gl;;nat% th{eI 2;1‘(: length by the sum of the vertical and horizc?ntal liigs
re 6. Unfortunately, this method d ‘
X : ) oes not work. Why not? Wh
appens to the picture as n becomes arbitrarily large? What happens to tsz

sum as n increases to infinity?

Figure 6



