Lab 10: Indeterminate Limits and
Hopital’s Rule
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In the Lab

2. a. Plot the function

21 and, from the graph, determine or estimate the
:c p—

) ) ) 1
value of the indeterminate lim ne .
z—1 22 — ]

b. Repeat the procedure suggested in part a to obtain the limit for Problem
1d.

If indeterminate quotients were always of such a specific nature and we were

able and willing to use graphical or numerical estimates, there would be little need
to pursue these matters further.

abstract and general situations. T
that will apply to a wide variety o

Often, however, indeterminates occur in more

hus we seek a correspondingly general approach
f indeterminate situations.

3. The result we will be exploring is known as UHépital’s Rule. One version of it
(

says that if lim ;(;v) is indeterminate, but f and g have derivatives at a with
. =) _ f(a)
g'(a) # 0, then lim == = L \%)
()70, then Jim ) = (@)

a. By taking the appropriate derivatives, apply the above result to the quotient
Inz

77 1 at the point a = 1. Also check the result graphically by plotting, on

the same axes, the quotient of the functions f and ¢ defined by f(z) =Inz
and g(z) = 22 — 1 along with the quotient of their derivatives (not the
derivative of the quotient!) as called for by I'Hépital’s Rule. What should

happen, according to I'Hépital’s Rule, in your graphs? Does it indeed
happen?

Do the same as above for the quotient of functions given in Problem 1d.




54 Learning by Discovery

4. In this question we look at why the f'(a) and ¢'(a) arise in P’Hépital’s Rule.
We restrict ourselves to the indeterminate case where both numerator and
denominator approach 0 (i.e., the % case). Thus we assume that

. lim f(z)=0and lim g(z) =0, and

x—a

ii. f and g are both differentiable at a with ¢'(a) # 0.

a. Carefully explain why the assumptions made above ensure that f(a) =0
and g(a) = 0.

b. Under the above assumptions, carefully justify each of the equalities in the

line below.
NEOETORENIC S L
f’(a):x—m r—a — him T —a .
o) = o @@ e g o)
r—a T —a x—a

c. Now build upon parts a and b to complete a proof for the % case of VHopital’s
Rule.

5. Fun and games with ’'Hépital’s Rule.

If you can, use the 1limit

) 1— 63:19
a. Use VHopital’s rule to compute lim =
r—0sinT + T

command on your computer to check your answer.

b. Let f be a function that 1s differentiable at a. Perhaps the most famous

f(z) = fla) . What does "Hopital’s rule say in
T —a
this situation? Are you surprised?

indeterminate of all is lim
T—a

c. Make a conjecture about continuing the procedure called for in 1"Hopital’s

rule in situations where both f'(a) and ¢'(a) are also 0. Apply your
x —sinZ

conjecture to compute lim ———-
r—01—cosZ
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Figure 1. Let f(z) be the
area of : ;
the curved shape ABC. a of the triangle ABC, while g(z) is the area of

C
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By thinking geometric
ally, try to mak .
25 the angle o approaches 0. ake a guess about the limit of f(z)/¢(x)

b. Show that f(z) = 1

= 5(sinz —sinz cosz) and g(z) = %(x — sinz cos )

Using the result st i
) ated in part .
in part a. p b, compute the actual limit you guessed at

Further Exploration
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b. Now assume that f and g are functions that satisfy the same conditions as
those listed in the statement of Problem 4. Figure 2 shows the graphs of two
such functions. If we zoom in near the point (a,0) we will see two straight
lines. What are the slopes of those lines? Use these results along with the
results from part a to complete a geometric justification for ’Hoépital’s rule.

1 y =f(x)
y =g
) >
Figure 2

In checking I’Hépital’s rule graphically in Problem 3, you no doubt found that

—;C—E% and ;—;E—i—; approach the same value as = approaches a. This question asks
you to investigate the slopes of these two quotient functions.
a. By looking at the graphs in Problem 3 and other % situations of your own

choosing, try to discover a relationship between the above slopes.

b. By using appropriate calculus techniques, prove your conjecture in part a.

Hint: With h(z) = 5% and k(z) = g:gi;, look carefully at and compare

R'(z) and k'(z) as = approaches a.




